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Abstract New fundamental solutions for micropolar fluids are derived in explicit form for two- and three-
dimensional steady unbounded Stokes and Oseen flows due to a point force and a point couple, including the
two-dimensional micropolar Stokeslet, the two- and three-dimensional micropolar Stokes couplet, the three-dimen-
sional micropolar Oseenlet, and the three-dimensional micropolar Oseen couplet. These fundamental solutions do
not exist in Newtonian flow due to the absence of microrotation velocity field. The flow due to these singularities is
useful for understanding and studying microscale flows. As an application, the drag coefficients for a solid sphere
or a circular cylinder that translates in a low-Reynolds-number micropolar flow are determined and compared with
those corresponding to Newtonian flow. The drag coefficients in a micropolar fluid are greater than those in a
Newtonian fluid.
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1 Introduction

The physical mechanisms of heat, mass, and momentum transport in small-scale units may differ significantly
from those in macroscale equipment [1,2]. Fundamental and applied investigations of microscale phenomena in
fluid mechanics are motivated by developments in the areas of biological molecular machinery, atherogenesis,
microcirculation, and microfluidics. At scales larger than a micron, the fluid can be treated as a continuum, and the
flow is governed by the Navier-Stokes equation. The continuum model assumes that the properties of the mate-
rial vary continuously throughout the flow domain. In Newtonian continuum mechanics, the fluid is modeled as a
dense aggregate of particles, possessing mass, and translational velocity. However, the field equation, such as the
Navier—Stokes equation, does not account for the rotational effects of the fluid micro-constituents.

In the theory of micropolar fluids [3], rigid particles contained in a small volume element can rotate about the
centroid of the volume element. The rotation is described by an independent micro-rotation vector. Micropolar
fluids can support body couples and exhibit microrotational effects. The theory of micropolar fluids has shown
promise for predicting fluid behaviour at microscale. Papautsky etal. [1] found that a numerical model for water
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flow in microchannels based on the theory of micropolar fluids gave better predictions of experimental results than
those obtained using the Navier—Stokes equation. Micropolar fluids can model anisotropic fluids, liquid crystals
with rigid molecules, magnetic fluids, clouds with dust, muddy fluids, and some biological fluids [3]. In view of
their potential application in microscale fluid mechanics and non-Newtonian fluid mechanics, it is worth exploring
new fundamental solutions.

The fundamental solutions for Stokes flow [4] and Oseen flow [5] due to a point force are commonly known
as the Stokeslet and the Oseenlet. The fundamental solution due to a point force in a steady Stokes flow was first
derived, however, by the Nobel Laureate, Lorentz, as far back as 1896 [6]. This solution is now known by the name
Stokeslet, although Stokes never knew about it. The name Stokeslet was coined by Hancock in 1953 [7]. Obviously,
Hancock was unaware of this work of Lorentz. Had he known about it, he might have opted for Lorentzlet instead
of Stokeslet. There are many who believe that the steady Hancock-named Stokeslet was derived by Ladyzhenskaya
in 1961 [8] by using Fourier-transform methods. A number of more appropriate references concerning the steady
Stokeslet and Oseenlet can be found in [9]. The closed-form fundamental solutions for generalized unsteady Stokes
and Oseen flows associated with arbitrary time-dependent translational and rotational motions have been derived
by Shu and Chwang in 2001 [10]. In micropolar fluids, the fundamental microrotation solutions due to a point
force are the micropolar Stokeslet and micropolar Oseenlet, and those due to a point couple are the micropolar
Stokes couplet and micropolar Oseen couplet. Such fundamental solutions do not exist in Newtonian flow due to
the absence of microrotation velocity fields.

Ramkissoon and Majumdar [11] linearized the governing equations of micropolar fluids and applied Fourier
transforms to obtain the three-dimensional micropolar Stokeslet. Olmstead and Majumdar [12] derived the two-
dimensional micropolar Oseenlet and micropolar Oseen couplet. In this paper, we derive fundamental Stokes and
Oseen solutions for micropolar flows in three dimensions, so that the point force and point couple can be prescribed
in any direction. Corresponding results for two-dimensional flows are also presented.

2 Stokes and Oseen flows of a micropolar fluid due to a point force

Consider a point force in an unbounded, quiescent, incompressible micropolar fluid. Without loss of generality, the
point force is placed at the origin, and the free-stream velocity Uy, is taken to be (Uso, 0, 0). The resultant fluid
flow is assumed steady. Based on the Oseen approximation, the governing equations reduce to (see [13])

V.-u=0, (1)
Ju
pUOOBT=—Vp—(u+ur)V><V><u+2MrV><V+pF8(X), 2
1
av
pIonoa—:Z,u,(Vxu—2v)—chxva+cmV(V~V), 3)
X1

where p is the fluid density, 7, is the micro-inertia, u, u,, ¢ and ¢,, are the Newtonian, microrotational, and two
angular viscosities, respectively, and F is a constant vector. In the Eq. (3), the divergence of v is assumed zero, which
is verified in the latter part of this section. The pressure, p, translational velocity, u, and microrotation velocity, v,
are required to decay as |[X| — oo in an unbounded flow, as follows:

p—>0, [u—-0, |v|]—>0 as |x|]—> oo.

Suppose that f is an absolutely integrable function that decays at infinity of R”. The n-dimensional complex Fourier
transform of the function f is defined by

f(g:) =F{fx)} = (27‘[)_% /Rn f(x) e—ig-xdx,

where £ is the transformed variable of x, £ - x = &x; + - - - + &,x,,, and i is the imaginary unit, i = +/—1. The
divergence of (2) yields

V2p =pV - [FS§(x)], )
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which states that p is harmonic everywhere except at the pole. To solve (4) for p, we take the Fourier transform,
finding

2 _n
ﬁz—p(ié)-F[( ) }

%-2
Taking the inverse Fourier transform, we find

1 p F-x
pV - \F—Inr)=— n=>2,
27 27 r?

v (LYo 2EX L,
P drr) " 4w 3 e

Stokes and Oseen flows due to a point force have the same pressure field, regardless of whether the fluid is Newtonian
or micropolar. From (3), we have

&)

Cr pIr
Vxu=2v+ VXxVxv+ (U - V) v. (6)
2y 2y
Taking the curl of (2) gives
— U+ )V XV XVxu+2u,VXVxv+pVX[FSX)]=pUsx-V)Vxu). @)
Substituting (6) in (7), we derive a partial differential vector equation containing only one unknown, v,
4 22 2 0 9 82
VI-AV —aiV — t+ar— ta3— |v=asV x [F§ (x)], (8)
ax1 0x| 0x;
where
4 1 1 4pU U1
2 A al:ono(_r+ ) _ AUy o PUSE
cr (U + par) Cr Mty cr (1 + pr) cr (U + )
2puy
and a4 = ———.
cr (U + ur)

To solve partial differential equations of higher order, such as (8), we may factorize the higher-order partial
differential operator into products of lower order [14]. This method was used by Olmstead and Majumdar [12].
Formally, it is proposed that

_(v2ya 0 244,90
L={V-+ A + B Ve+ Ay + B, (©))
0x1 0x1

where L is a fourth-order partial differential operator, and A1, Ay, By and B, are constants. While the method
of factorization is attractive, a certain relationship between the parameters must exist for L to admit the desired
factorization. To factorize the differential operator in (8), the following must be true:

3 0?
L=V*—)2V?—qV?— — —
a dx1 +a28x1 ta 8x12
4 2 2 0 9 9?
=V'+(B1+B) V" "+ (A1 + A V —+(A132+31A2)—+A1A2—2+Ble. (10)
X1 0x1 0x;

Consequently, it is required that
B+ By = —)»2, Al +Ay=—a;, A1B+ BiAy =a>», AiAy=a3, BB =0.

We have five equations and only four unknowns. To expedite the solution, the value of Bj is taken to be zero since
B B> = 0. Therefore,

B =0= By = —A\2.
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Then, from A; By + B1 Ay = aa,

A2 I
Consequently,
az U I,
A= — = ————.
Aj cr (b + ir)
However, A{ + A = —ay, or
U onUso Iy (Ir 1 )
= o —+ s
Jz or (b + tr) (N L
which gives
L= (11)
7

Hence, the partial differential operator in (10) can be factorized as follows:

9 9 92 a 9 azi? 9
VAV g VP b — gy —— = (V2= ) (V2= 252}
! dx 23)61 38x12 A2 9xy ar 0xp

This allows (8) to be rewritten as

(v2 — 2n08i) (v2 — 2moai — )\2) v=a4V x [F§ (x)], (12)

X1

where 2ng = pUx /1 and 2mg = pUs/ (1t + 14r). The above factorization is valid under the physical constraint
of the parameters given by (11). To solve (12) for v, it is convenient to take the Fourier transform.

(52 n iznosl) (.§2 + i2mog) + xz) 9= @m)" % ay (i) x F,
which gives

(27)"% ay (i) x F

V= - - . (13)
(2 4 i2n0&1) (62 +i2mo&1 + A2)
The inverse Fourier transform gives
27)"3
vV =a4V X Fr ! - @7) - ,
(82 +i2n0&1) (€2 + i2mo&) + A2)
which is the micropolar Oseenlet of v (see Appendix)
Ay F/oo 0 (x1=1) "' Ko (nos) — " Ko wos) 1 _,
cr X 27 Us ’ ’
V= 2 00 eno(t—s) _ emot—wox (]4)
Py« [F/ e (x1=1) dt:|, n=3,
Ccr X 4 Usos

whereag = 12/2 (ng — mo) = 4u*/pUsccr, wo = \/m3 + 22,5 = [12 + Z?:z sz.,andKo & = g—scoshrgr

is the modified Bessel function of the second kind. Because v is expressed as the curl of the product of a scalar
function and the constant vector F, the divergence of v is zero. Hence, the assumption made earlier about the
divergence of v being zero is satisfied.
As Uy, — 0, Eq. (14) produces the micropolar Stokeslet,
P X (Fllnr+KoGr)]) n=2,
4

v= s (15)
LV % (F&) n=3.
8T r
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Equation (15) gives the microrotation velocity in the presence of a point force. The curl of (3) gives the curl of the
curl of u as

I,Usx 0
CerVxva+proo—(va),
Hr 2ur  9xy

VXxVxu=2V xv+

which can be written as

LUs
—Vzl.l:(z— ooy B Oo—)(va),
2y 2uy  9x1

using vector identities (1) and the assumption that the divergence of v is zero. Taking the Fourier transform, we find
A c LU

szu — (2 + r %_2 + lp r

2pr 2y

= sl) (i) x V.
Substituting (11) and (13) in the above equation leads to

A _n . . 2 Cr 1
u=(2m) 2a4 (i) x (&) x [F [52 @+ 2moer) (&2 + o +17) +m§2 @+ 2mos +A2)“ .

The inverse Fourier transform of this expression yields u in the form

oot - n)7 |
£2 (E2 4+ 12n0&1) (E2 4+ 2mo&1 +22) | 2pur £2 (€2 + i2mo&1 + A2)
Finally, we find the translational velocity u is given by the micropolar Oseenlet of u (see Appendix)

% [1 — ed0@i=D] 0! K (ngs) + eX0@1=Dem0! K¢ (wps) + In s
V x V x F/ [ ] €' Ko (109) 0 (wos) b, n=2,
X1 ZJTUOO

o0 [1 _ eao(xl—t)] eno(t—s) + eao(xl—t)emot—wos -1
V x V x F/ drt. n=3.
%1 41 Usos

u=a4V xV x lZFT1|:

u= (16)

Inthe limit u, — 0, the translational velocity and microrotation velocity fields decouple. Then, mo — no, wo — ng,
and the expression (16) of u simplifies to

[ee] notK 1
VXVX[F/ ¢ o(n()s)—i—nsdt] n=2,
X1 2nUx

00 eno(t—s) -1
V x V x F/ —dt n=3.
| x 4 Usos

1

a7

We see that the Newtonian Oseenlet is recovered. In the limit Uy, — 0, the micropolar Oseenlet of u in (16)
becomes the micropolar Stokeslet of u,

, 2
VxVx F| 220 L P qnr s Koo |t =2
8w Sulm

u= (18)

_ a—Ar
-V xVxi{F ,or+ per I-e n=23.
8w l6ulw r

The solution of u for a micropolar fluid is much more complicated than that for a Newtonian fluid.

3 Stokes and Oseen flows of a micropolar fluid due to a point couple

Consider a point couple in an unbounded quiescent, incompressible micropolar fluid. Based on the Oseen approxi-
mation, the governing equations can be linearized (see [13]) as

V.u=0, (19)
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oJu

onog:—Vp—(p,—i—,ur)Vxqu—i-ZM,va, (20)
1
av
pIonoa— =2u, (Vxu—-2v) —¢,VXVxv+c,V(V-v)+pTs (x), 201
X1

where pT§ (x) is the point couple, T being a constant vector. Without loss of generality, the point couple is assumed
to be positioned at the origin. We begin by taking the divergence of (20), which states

v? p=0.

Because p — 0 as |[x| — oo, the pressure field p is such that
p=0.

This reduces the gradient of p in (20) to zero.

To obtain the translational velocity field u, we take the curl of (21),

oa
crV2a —2u,Vu — 4pa + pV x [T8 (x)] = pl, Uooa—, (22)
X1
where a = V x v. Vector identities and (19) were used to express the curl of (21) in the above form. To express
(22) in terms of u alone, we make use of (20), which can be rewritten as

1 0
a=—|pUss— — (u+u) V> |u (23)
244y 0x1
Substituting (23) in (22) leads to
4 22 L) 0 9?
V¥ — AV —a—V +a— +a3— Ju=a4V x [T§ (x)]. (24)
dxy dx1 ax?

Because (24) and (8) are identical in form, we can factorize the partial differential operator, as in (12), under the
physical constraint given by (11). Then, we can write

2 0 2 0 2

Ve —2ng— Ve =2mg— — A" Ju=a4V x [T§ (x)],
0x1 0x1

whose Fourier transform is

(2m)"2 a4 (i&) x T

a= - - . (25)
(2 4 i2n0&1) (62 + i2mo&) + 12)
The inverse Fourier transform of @ yields the micropolar Oseen couplet of u (see Appendix)
t t
2_'U“v 5 [T/oo sa0 (=) e K (nosz) —Uemo Ko (wgs) dt] n=2,
1 b4
uo ] " > (26)
2,“ 00 eno(t—s) _ emot—wos
—V x T/ exo1=1) dr n=3.
cr x| An Usos

It is not surprising that the micropolar Oseen couplet of u in (26) is similar to the micropolar Oseenlet of v in (14),
except that the former is caused by a point couple, while the latter is due to a point force.
In the limit Uy, — 0, the micropolar Oseen couplet of u in (26) becomes the micropolar Stokes couplet of u,

— L Y {Tnr+ Ko P n=2,
4

u= P 1— e—kr (27)
— Vx| T——— n=3.
8T r

We take the divergence of (21) to evaluate the divergence of v and find

vz—zci—xz = —c,V - [T§ 28
18)C1 o) f=—cV-[TsXx], (28)
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where f =V -v,2c1 = pl,Uso/Cm, k(z) = 4u,/cm and ¢ = p/cpy. To expedite the solution procedure, we take
the Fourier transform of (28), and find

s Q) i E)-T

£2 +i2c1&1 + A3
whose inverse Fourier transform is
C1X1 K
CZV . I:Te—()(u)lr)} n = 2’
2
f elcrxi—wir)
V- [T—] n=3,
drrr
where w| = ,/clz + A(z).
To determine the curl of v, we take the Fourier transform of (23) and substitute (25) to find
f_ @t ) Qm7E(E +2mof) (§) x T 30)
2ur (824 1i2n0&1) (8% +12mo& + 22)
To relate f to a, we make use of the vector identity:
Vv=Vf -V xa,
whose Fourier transform is
—£7% = (&) f — (&) x &.
We substitute (29) and (30) in the above equation to express V in terms of variables (£1, &, &3),
. L —Qm)7:T as(w+uw) .
V= (i§) (i§) - ; (&) x (i§)
£2 (82 +i2c181 +A3) 20,
Q) T A2Qr) 2T
E2 (E2 4+ i2n0&1)  E2 (€2 +i2no&1) (€2 + i2mo&1 +A2) |
The inverse Fourier transform of Vv is the micropolar Oseen couplet of v (see Appendix)
Eyv. T/X1 e*ﬂo(xlft)ecllKO (wys) +1ns
cr o0 2nUs
t
_ﬁvxvx T/X1 e~ Polxi—0) e Ko (wos) + lnsdt
Cr —00 27T UQQ
vV = +T/00 eoto(xl—t) em0tK0 (LU()S) - en0tK0 (nos) dr n=2
X 27 Uso ’
t7
Lyv. [T/Xl oot T L 1df]
cr oo A Usos
t—wos __ t—wos _ t—s)
_ﬁv x V X [T/n e—ﬁo(xl—t)%dt + T/oo eao(xl—t)emo HO et dt] n=3,
cr oo A7 Usos X1 A7 Usos 31)
where
dprp
Bo=———.
pUsocr
As Uss — 0, Eq. (31) gives the micropolar Stokes couplet of v
P9V (Tlnr + Ko Gor)l} — PP TR G o v s (Tinr + Ko )]}, n =2,
87 1wy 87y
V= 1— e—kor ( + ) 1— e—)Lr (32)
— P _vv. (T y PTG v (T2 ), n=3.
167 1, r 167 1, 1t r
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The three-dimensional micropolar Stokes couplet of v almost agrees with that of Eringen [3], except for the wrong
sign in the first term.

4 Drag on a translating solid sphere in a micropolar viscous flow

Consider the flow produced by a solid sphere of radius R translating with velocity Uy, in an ambient micropolar
fluid of infinite expanse. The flow due to the sphere may be obtained in terms of a point force and a potential dipole,
both placed at the center of the sphere, as in the case of Stokes flow [15,16]. Hence, the velocity is given by

pr pCr 1—e”
+ 2
8T 16u*m r

Ar
u=—VxVxlF[ )]]+B0VVL+O(Re),
dmr

where B is the vectorial strength of the potential dipole, and R, = % is the Reynolds number, assumed to be
small. Requiring the boundary condition u = Uy, at » = R to be satisfied on the surface of the sphere, yields two
algebraic equations for the coefficients F and B,

o o
F— B="Ux[l+O(R)],
STR it ) P oo [1+0(R,)]

whose solution is

pF =67 R (1t + 1) U [1 + O (Ro)], pB = -7 RUss [1 + O(R,)].

14 3p
87 R3 (,LL—{—,u,,)F+ 47-[R5B =0[1+O0(Ro)],

The drag comes exclusively from the point force. The dimensionless drag coefficient is

|F| _ 24 pA

CD = =
1
ngon'Rz Re

[1+O(R.)].

Putting ., = 0, we recover the result for the classical viscous flow
|F| 24

ULzR: R

CD=1
2

5 Drag on a translating circular cylinder in a micropolar viscous flow

Consider the flow produced by a circular cylinder of radius R translating with velocity Uy, in an ambient micropolar
fluid of infinite expanse. The flow due to the cylinder can be obtained in terms of a two-dimensional point force
and a two-dimensional potential dipole, both placed at the center of the cylinder,

prilnr pCy

u:VxVx[F[ (1nr+K0(xr))“+B-VV(—%1nr)+0(Re).

8w Sulm
Imposing the boundary condition u = Uy, at ¥ = R on the surface of the cylinder, we find

87 (10 + 1) Uso Bl ~ 21 R?Us

—2y —2In(R./8)’ 1 —2y —2In(R./8)

The drag comes exclusively from the two-dimensional point force. The dimensionless drag coefficient is
_|F] ~ 16 M+

~UZLR  RJ1-2y—2In (R/8)] n

F| ~
pll1

Cp

By putting 1, = 0, we recover the result for the classical two-dimensional viscous flow [17].
|F| 167

Cp = A .
PTUZR T R[1 -2y —2In (R,/8)]
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Table 1 A list of new

. Singular point Dimensionality Stokes flow Oseen flow
fundamental solutions
derived in this paper ]
A point force 2D New [12]
3D [11] New
A point couple 2D New [12]
3D New New

6 Conclusions

New fundamental solutions for micropolar fluids have been derived in explicit form. The problem of two- and
three-dimensional, steady, unbounded Stokes and Oseen flows of a micropolar fluid due to a point force and a point
couple has been considered. The new fundamental solutions for Stokes and Oseen flows are the two-dimensional
micropolar Stokeslet, given by (18) and (15), the two- and three-dimensional micropolar Stokes couplet, given
by (27) and (32), the three-dimensional micropolar Oseenlet, given by (16) and (14), and the three-dimensional
micropolar Oseen couplet, given by (26) and (31). These fundamental solutions are possible due to the existence of
microrotation velocity fields in micropolar fluids. The fundamental solutions can generate further fundamental solu-
tions by successive differentiation with respect to the singular point [15,16]. A summary of available fundamental
solutions is given in Table 1.

These fundamental solutions for micropolar fluids can be used as the basic building blocks to construct new
solutions of microscale flow problems by employing the boundary-integral method or the singularity method. It
was demonstrated that these fundamental solutions can be used to calculate the drag coefficients for a translating
solid sphere and circular cylinder, respectively, in a micropolar fluid at low Reynolds numbers. The drag coefficients
in a micropolar fluid are greater than those in a Newtonian fluid by the factor (u + ©,)/u.

Appendix
Consider the partial differential equation

d
(v2 —2b— — bg) D) = —5 (x),
0x 1
where by and b; are two arbitrary constants. We apply the Fourier transform to obtain

& (27'[)_%
0T e bE + by

Letting ®q (x; by, by) = e"l’”g (r; by, by), we obtain

3
(V2 - 2b1E - bg) dy = el [v2 - (b% + bz)] g

and hence
[vz _ (b% n bz)] ¢ = —e DV (x).
Taking the Fourier transform of the above equation, we have

Qr)"2

8= 5—5—.
E2 + b7 + by
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The inverse Fourier transform of g is

Ko (r‘ / b% + bz)

, h=2,
g (r; b1, by) = 27
e—r‘/b%+b2
_ n=>3.
dr

Therefore, the fundamental solution @ (x; by, by) is

27y
Bl b =1 [%] - o
1
15t 2 eblxl—r b%-‘rbz

drr

In view of the properties of the Fourier transform, we find

® (x; by, by, b3) = T~ . @r) 2 : — g1 '&
(§2 +i2b1&1 + by) (i1 + b3) &1 + b3

oo
= _/ e I 0ebl o (51 by, by)dr
X1

1 o0
_E/ e—b3(x1—t)ebltK0 (s /b% + bz)dt n=2,
X
| oo bit—s,/b}+by
/ e—b3tx1=1) e
X1

dr n=23.

4 s

where s = /12 + 2?22 sz. and b3 is an arbitrary constant. To derive formulas (14), (16), (26) and (31), we perform
the inverse Fourier transform:

- n)"%
£2 (E2 +12b4%)) (% + i2bsE + bg) |
where b4, bs and bg are three arbitrary constants. Partial fraction expansion gives

(2m)~"
£2 (2 4 i2b4&) (82 + i2b5&) + by)

_(271)—'5[ 1 (1 1 ) bs (1 1 )
 babe |28 \E2  E2+12b481)  i2bsE1 +bs \E2 E% +12b5& + be

by — bs ( 1 1 ):|
i2(bs — bs) &1 + bs \§% +12b4&1  E2 +i2bs&1+bs ) |
We conclude that

-1 (27)" " _
£2 (2 4 i2b4&1) (£ + i2bs5&) + by) 2b4bg

O | x; bs, bg, — OUIX; 04,0, ———— | — P x; b5, bg, —————— .
- (X 506 2b5)+ (X ‘ Z(bs—b4)) (X 506 2(b5—b4)):|

b
|:CI> (x;0,0,0) — ©(x; 04,0,0) — (x; 0,0, i)
5
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